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Consensus Problems in Networks of Agents with
Switching Topology and Time-Delays

Reza Olfati-Saber and Richard M. Murray

Abstract— In this paper, we discuss consensus problems for networks connectivity of the network and the performance of reaching
of dy”a_r;“;_ 399”55 with ﬁli“?d ?r??‘ S"ZiitChi”? topc_’_')og?es- Vc‘j’e a”a'ylie thfﬁe an agreement. Furthermore, we demonstrate that the maximum
cases: i) directed networks with fixed topology, ii) directed networks witl . .
switching topology, and iii) undirected networks with communication time- tlm.e'dela_y that can be tolerated by a network of mtegra_tors ap-
delays and fixed topology. We introduce two consensus protocols for net- Plying a linear consensus protocol is inversely proportional to
works with and without time-delays and provide a convergence analysis in the largest eigenvalue of the network topology or the maximum
all three cases. We establish a direct connection between the algebraic con-degree of the nodes of the network. This naturally led to the real-
nectivity (or Fiedler eigenvalue) of the network and the performance (or .~ .
negotiation speed) of a linear consensus protocol. This required the gen- iZation that there exists a fundamerttalde-off between perfor-
eralization of the notion of algebraic connectivity of undirected graphs to mance of reaching a consensus and robustness to time-delays.
digraphs. It turns out that balanced digraphs play a key role in address- In the past, a number of researchers have worked in problems
ing average-consensus problems. We introduce disagreement functions for . . .
convergence analysis of consensus protocols. A disagreement function is él”.lat are esse”t'a”Y different forms of agreement. problems with
Lyapunov function for the disagreement network dynamics. We proposed differences regarding the types of agent dynamics, the proper-
a simple disagreement function that is a common Lyapunov function for ties of the graphs, and the names of the tasks of interest. In

the disagreement dynamics of a directed network with switching topology. : :
A distinctive feature of this work is to address consensus problems for net- [1]’ [12]' graph Laplauansare used for the task gbrmation

works with directed information flow. We provide analytical tools that rely ~ Stabilizationfor groups of agents with linear dynamics. This
on algebraic graph theory, matrix theory, and control theory. Simulations  particular method for formation stabilization has not yet been
are provided that demonstrate the effectiveness of our theoretical results. extended to systems with nonlinear dynamics that are not feed-
. Keywords—consensus p_roblems, networl_<s o_fautonomous agents, swnch-back linearizable. A special case of this approach is known as
ing systems, graph Laplacians, networks with time-delays, algebraic graph . .
theory, digraph theory. the leader-follower architectureand has been widely used by
numerous researchers [13], [14], [15]. In [16], graph Laplacians
I. INTRODUCTION are used as an essential part of a dynamic theory of graphs.

The problem ofsynchronization of coupled oscillatoiis

D'STRIBUTED coordination of networks of dynamicg|osely related to consensus problems on graphs. This is a
J agents has attracted several researchers in recent Ya3i$aq field that is of great interest to researchers in physics, bio-
Thls is partly d_ue to _broad appllc_atlons of multi-agent SySt_erBf’nysics, neurobiology, and systems biology [17],[18], [19]. In
in many areas including cooperative control of unmanned air V& chronization of coupled oscillators, a consensus is reached
hicles (UAVs), formation control [1], [2], [3], [4], [5], flocking reqarding the frequency of oscillation of all agents.
(6], [7], [8], distributed sensor networks [9], attitude alignment |, racent years, there has been a tremendous amount of re-
qf clusters of satellites, and congestion control in communicaa\ed interest iflocking/swarming20], [21], [22], [23], [24],
tion networks [10]. . . . [25], [26], [27] that has been primarily originated from the pio-
Consensus problembave a long history in the field of heering work of Reynolds. In [7hlignmentof heading angles
computer science, particularly in automata theory and dig; myltiple particles is analyzed from the point of view of sta-
tributed computation [11]. In many applications involving;sical mechanics. Moreover, a phase transition phenomenon is
multi-agent/multi-vehicle systems, groups of agents need §Bserved that occurs when the network topology becomes con-
agree upon certain quantities of interest. Such quantities migllteq by increasing the density of agents in a bounded region.
or might not be related to the motion of the individual agentgye work in [28] focuses on attitude alignment on undirected
As a result, it is important to address qgreement prob_lemsdpaphs in which the agents have simple dynamics motivated by
their general form for networks of dynamic agents with directgfle model used in [7]. It is shown that the connectivity of the
information flow under link failure and creation (i.e. switchinggraph on average is sufficient for convergence of the heading
network topology). _ angles of the agents. In [29], the authors provide a convergence
Our main contribution in this paper is to pose and addreggaysis of linear and nonlinear protocols for undirected net-
consensus problems under a variety of assumptions on the Oz in presence or lack of communication time-delays. Theo-
work topology (being fixed or switching), presence or lack Q&yically, the convergence analysis of consensus protocols on di-
pommumcanon time-delays, and d|recte_d or undirected netw phs (or directed graphs) is more challenging than the case of
information flow. In each case, we provide a convergence angkgirected graphs. This is partly due to the fact that the proper-
ysis. Moreover, we establish a connection between algebrgic ¢ graph Laplacians are mostly known for undirected graphs
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braic graph theory [30], [31], matrix theory [32], and control Let x; € R denote the value of node;,. We refer to

theory. We establish a connection between the performance ¢fa = (G, z) with z = (z1,...,z,)" as anetwork(or alge-

linear consensus protocol on a directed network and the Fiedbeaiic graph) with valuex € R™ andtopology(or information

eigenvalue of the mirror graph of the information flow (obtaineffow) G. The value of a node might represent physical quantities

via a mirror operation). including attitude, position, temperature, voltage, and so on. We
It turns out that a class of directed graphs called balanceay nodes); andv; agreein a network if and only ifx; = x;.

graphs have a crucial role in derivation of an invariant quantityfe say the nodes of a network have reachedresensu# and

and a Lyapunov function for convergence analysis of averagsly if «; = «; for all ¢, j € 7,7 # j. Whenever the nodes of a

consensus problems on directed graphs. This Lyapunov funetwork are all in agreement, the common value of all nodes is

tion, called the disagreement function, is a measure of group disdled thegroup decision value

agreement in a network. We show that a directed graph solveSuppose each node of a graph idymamic agentwith dy-

the average-consensus problem using a linear protocol if armics

only if it is balanced. Furthermore, we use properties of bal- t; = f(zi,u;), 1€Z. (2)

anced networks to analyze the convergence of an agreement ﬁr?j'ynamic graph(or dynamic networkis a dynamical system

tocol for n(_atv_vorks with switching tOpoIog)_/. . with a statg G, =) in which the valuer evolves according to the
The variation of the network topology is usually due to I'nlﬁetwork dynamics — F(z,u). Here, F(z, u) is the column-
failures or creations in networks with mobile nodes. We intrQzico concatenation of the7elemetjt$c,- u)’ fori — 1 n

duce a common Lyapunov function that guarantees asymptqpc, dynamic network with switching topology, the information

convergence to a group decision value in networks with switc:h15W G is a discrete-state of the system that changes in time.
ing topology. Finally, we analyze the effects of communication | ., Y : R" — R be a function ofn variablesz; 2
: U

time-delays in undirected networks with fixed topology. We PrYnd o — 2(0) denote the initial state of the system. The

vide a direct connection between the robustness margin to tir%'nsensus probleiin a dynamic graph is a distributed way to
delays and the maximum eigenvalue of the network t°p°|°9y'calculatex(a) by applying inputsu; that only depend on the

_An outline of this paper is as follows. In Section Il, we degates of node; and its neighbors. We say a state feedback
fine consensus problems on graphs. In Section lll, we give

two protocols. In Section IV, the network dynamics is given w; = ki(zj,,...,z5,) (A)
for the cases of fixed and switching topologies and the relation _ _ '
to graph Laplacians is explained. Some background on ald@aprotocolwith topologyG if the clusterJ; = {v;,,...,v;,, }

braic graph theory and matrix theory related to the properties@fnodes with indiceg, . . ., j, € 7 satisfies the property; C
graph Laplacians are provided in Section V. A counterexample: } U IV;. In addition, if|.J;| < n for all i € Z, (A) is called a

is given in Section VI that shows there exists a strongly coflistributed protocal

nected digraph that does not solve an average-consensus prol/e say protocol (A) asymptotically solves theconsensus
lem. In Section VII, balanced graphs are defined and our resif®blem if and only if there exists an asymptotically stable equi-
on directed networks with fixed topology are stated. In Seliprium z* of @ = F(z,k(z)) satisfyingz; = x(x(0)) for
tion VIII, mirror graphs are defined and used to determine ttédl i € Z. We are interested in distributed solutions of the
performance (or speed of convergence) of a consensus protg€slSensus problem in which no node is connected to all other
on digraphs and define the algebraic connectivity of digraphs.nades. The special cases wittw) = Ave(z) = L(37, =),
Section IX, our main results on networks with switching topol () = max; z;, and x(z) = min; z; are calledaverage-
ogy are presented. Average-consensus problems for netwdiRBSENsUs max-consensusand min-consensysrespectively,
with communication time-delays is discussed in Section X. Tigile to their broad applications in distributed decision-making
simulation results are presented in Section XI. Finally, in Setgr multi-agent systems.

tion XllI, concluding remarks are stated. Solving the average-consensus problem is an exampulisof
tributed computatiorof a linear functiony(a) = Ave(a) using
Il. CONSENSUSPROBLEMS ONGRAPHS a network of dynamic systems (or integrators). This is a more

hallenging task than reaching a consensus with initial state

ince an extra condition} = x(a),Vi € Z has to be satisfied
which relates the limiting state* of the system to the initial
statea.

LetG = (V,&,.A) be aweighted digraph (or directed graph
of ordern with the set of node¥ = {v,...,v,}, set of edges
£ C VYV xV, and a wighted adjacency matrig = [a;;] with
nonnegative adjacency elements. The node indices belong
to a finite index sef = {1,2,...,n}. An edge ofG is denoted I1l. CONSENSUSPROTOCOLS

by e;; = (v;,v;). The adjacency elements associated with the h , Is th |
edges of the graph are positive, i.e; € & ai; > 0. In this section, we present two consensus protocols that solve

Moreover, we assume; — 0 for all i € Z. The set oheighbor agreement problems in a network of continuous-time (CT) inte-
of nodew; is denoted byN; = {v; € V : (v;,0;) € £}. A 9ratoragents with dynamics
clusteris any subset/ C V of the nodes of the graph. The set di(t) = uit) 3)
of neighbors of a clusteN is defined by ! !
or agents with discrete-time (DT) model
Ny := UNi:{ijV:v,;GJ,(vi,vj)GS} (1)
vied zi(k+1) = zi(k) + eu; (k) 4)
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and step-size > 0. We consider two scenarios: A. Communication/Sensing Cost of Protocols
i) Fixed or switching topology and zero communication time-

delay: The following linear consensus protocol is used: An important aspect of performing coordinated tasks in a dis-

tributed fashion in multi-agent systems is to keep communica-

u; = Z aij(z; — ;) (A1) tion gnd_ inter—ag_ent sensing costs limited. We definectira-
munication/sensing cost' of the topology(V, £) of a proto-

col asé, or the total number of the directed edges of the graph

where the set of neighborS; = N;(G) of nodew; is variable (V,€). In the work of Klavins [33],C is called “communica-

in networks with switching topology. tion complexity” of performing a task. For weighted digraphs,

i) Fixed topologyG = (V,&,.A4) and communication time- the communication/sensing cost can be defined as a function of

delayr;; > 0 corresponding to the edgg; € £: We use the the adjacency elements by

following linear time-delayed consensus protocol:

wi(t) = Y ayle(t—7y) —wi(t — 7)) (A2) C =" sgra;) (7)

v; EN; i,j=1

v; EN;

The primary objective in this paper &nalysisof protocols where sgi) is the sign function (i.e. sgn) = 0 for z = 0 and
(Al) and (A2) for the aforementioned scenarios. We show th&jnz) = 2/|z|, otherwise). According to this definitior is
in each case consensus is asymptotically reached. We also cit@isame akS| for a digraph.
acterize the class of digraphs that solve the average-consensygpparently, the communication/sensing cost of protocols
problem using protocol (A1). Furthermore, we provide resuligith directed information flow is smaller than the communica-
that directly relate performance and algorithmic robustness t@n/sensing cost of their undirected counterparts. This is our
these consensus protocols to the eigenvalues of the netwgriknary reason for the analysis of consensus protocols for di-
topology. graphs.
Remarkl. In [29], the authors have introduced a Lyapunov- An alternative reason for considering consensus problems on
based method for convergence analysis of the following nonlidigraphs is multi-agent flocking. In [6], the information flow
ear consensus protocol in a flock is directed and the topology of the network of agents

goes through changes that are discrete-event type in nature.
wi= Y ¢ijla; — i), (A3)

e Remark2. Given a bounded communication c@st the prob-

lem of choosing the weights;; in protocol (Al) such that a
for undirected networks. Herej;;’s are continuouR — R certain performance index is maximized (or minimized) is an
mappings withg,;(z) = ¢;:(z) for all e;; € £ which sat- optimization problem that falls within the category rétwork
isfy the following properties: i)p;; is locally Lipschitz, ii) design problemsWe refer the reader to the work of Xiao and
¢ij(2) =0 <= z=0,iii) 2z¢;;(2) > 0,Vz # 0. The conver- Boyd [34] for a network design problem for reaching average-
gence analysis of protocol (A3) is very similar to the proof ofonsensus using a semi-definite programming approach. The
Theorem 8 and is omitted from this paper due to the limitatidramework presented in [34] partially relies on the work in [29]
of space. that introduced average-consensus for networks of integrators.
The reader might wonder whether protocol (A1) issahhoc
protocol, or it can be analytically derived. For undirected net-
works, there exists a derivation of this protocol that can be sum-Given Protocol (A1), the state of a network of continuous-
marized as follows. Define thieaplacian potentialassociated time integrator agents evolves according to the following linear

IV. NETWORK DYNAMICS

with the undirected grapf = (V, €, A) as system
Lo i(t) = —La(t) (8)
Palw) = 2 Z ai; (0 = :) ®) whereL is called thegraph Laplacianinduced by the informa-

=t tion flow G and is defined by

and notice that the gradient-based feedbaek —1 V@ () is . o
identical to protocol (Al). As a result, the network dynamics for Lo — { Zk:l,k;ﬁi ik, J =1 9)
integrator agents applying protocol (Al) is in the form Y — a4, JF#i

- _EV@G(@ (6) Apparently, the stability properties of system (8) depends on the
2 location of the eigenvalues of the graph LaplacianSpectral

that is agradient systenfup to a fixed time-scaling) that is in- Properties of graphs is among the main topics of interest in al-
duced by graplty. The same argument is not applicable to th@ebraic graph theory [30], [31]. The basic properties of graph
case of digraphs. This is a reason that the analysis in the caskalacians that are used here are discussed in Section V.
directed networks is more challenging. For graphs with 0-1 ad-In a network withswitching topology convergence analysis
jacency elements, the potential function in (5) is the same as giéProtocol (A1) is equivalent to stability analysis fohgbrid
Laplacian potential introduced in [29] (up to a positive factol§ystem
as a measure of group disagreement. #(t) = —Lgx(t), k=s(t) (10)
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whereL;, = L(Gy) is the Laplacian of graply;, that belongs  For undirected graphs, the Laplacian potential defined in (5)
to a setl’. The sefl is a finite collection of digraphs of ordercan be expressed as a quadratic form with a ketner
n with an index sefr C Z. The maps(t) : R — Zr is a
switching signathat determines the network topology. dg(z) =2 Le = 1 Z aij(z; — x;)% (15)
In Section IX, we will see thal' is a relatively large set for 2 i
n > 1. The task of stability analysis for the hybrid system in
(10) is rather challenging. One of the reasons is that the prodi§#s shows that the Laplacian of an undirected graph is positive

of two Laplacian matrices do not commute in general. semidefinite. This positive definitenessiotloes not necessar-

For agents with discrete-time models, applying protocol (Ally hold for digraphs. As an example, consider a digraph
gives the following discrete-time network dynamics with two nodes and an adjacency matrix and graph Laplacian

given by
z(k+1) = Pak 11 _ |01 _ |1 -1
(k+1) = Pa(k) (11) A [00],L [00 | (16)
with We havedg, (1) = 27 Ly = 2?2 — 2,1, that is a sign-indefinite
P.=1—e¢lL. (12) quadratic form.

By definition, every row sum of the Laplacian matrix is zero.
herefore, the Laplacian matrix always has a zero eigenvalue
Eorresponding to a right eigenvector

Let d,q = max;l;; denote the maximum node out-degree of
digraphG. Then,P. is a nonnegative and stochastic matrix fo
alle € (0,1/dmqz)- We refer taP, as thePerron matrixinduced
by G. w,=1=(1,1,...., 1T
The convergence analysis of Protocol (Al) for discrete-time
agents heavily relies on the theory of nonnegative matrices [38jth identical nonzero elements. This means thaik(L) <
[32] and will be discussed in a separate paper. Our approach- 1.
presents a Lyapunov-based convergence analysis for agreemeAtdigraph is calledstrongly connected (S@)and only if any
in networks with discrete-time models. This is different thatwo distinct nodes of the graph can be connected via a path that
the approach pursued in the work of Jadbalei@l. which follows the direction of the edges of the digraph. The following
strongly relies on matrix theoretic properties and infinite rightheorem establishes a direct relation between the SC property of
convergent products (RCP) of stochastic matrices [36]. a digraph and the rank of its Laplacian. According to the fol-
lowing theorem, the Laplacian of a strongly connected digraph
V. ALGEBRAIC GRAPH THEORY AND MATRIX THEORY has an isolated eigenvalue at zero.

In this section, we introduce some basic concepts and notatitieorem 1. Let G = (V, &, A) be a weighted digraph with
in graph theory that will be used throughout the paper. More ihaplacianL. If G is strongly connected, then rafik) = n — 1.
formation is available in [31], [37]. A comprehensive survey on
properties of Laplacians of undirected graphs can_be found in Proof: See the Appendix. —~
[38]. However, we need to use some basic properties of Lapla- _
cians of digraphs. These properties cannot be found in the gragtmarké. For an undirected grapi, Theorem 1 can be stated
theory literature and will be stated here. as follows: G is connected if and only if rarfi.) = n — 1. The

LetG = (V, €, A) be a weighted directed graph (or digraphFrOOf for theundi_rect(_ad casés available in the literature [30],
with  nodes. The in-degree and out-degree of nadare, re- 31]. The opp05|te_3|de of The(.)rem. 1 does.not hold. A coun-
spectively, defined as follows: tergxample is the digrapHi; specified in equa_tlon (16). Clearly, _

G- is not strongly connected because there is no path connecting
n n nodev, to nodev;. ButranKL) =1=n — 1.
degy, (v1) = ) aji, degoy(vi) = ) aij. (13)  For a connected grapé' that is undirected the following
i=1 i=1 well-known property holds [31]:

For a graph with 0-1 adjacency elemenisg,,,(v;) = |N,|. _ 2T La
The degree matrixof the digraphG is a diagonal matrixA = mi e A2(L) 17)
[A;;] whereA;; = 0 for all i # j andA;; = deg,,(v;). The 1Tx =0

graph Laplacianassociated with the digraghi is defined as
The proof follows from a special case of Courant—Fischer Theo-

LG =L=A-A. (14) remin[32]. We will later establish a connection betweenL)
S _ _ S with L = (L + LT)/2, called theFiedler eigenvaluef L [39]
This definition is consistent with the definition 6fin (9). and theperformance(i.e. worst-case speed of convergence) of

Remark3. The graph Laplaciafi does not depend on the diag®rotocol (A1) on digraphs.

onal elements;; of the adjacency matrix afF. These diagonal Remark5. The notion ofalgebraic connectivitylor A\;) of
elements correspond to the weightdadps (v;, v;) (i.e. cycles graphs was originally defined by M. Fiedler for undirected
of length one) in a graph. We assumg = 0 for all 4, unless graphs [39]. We extend this notion tdgebraic connectivity
stated otherwise. of digraphsby defining the mirror operation on digraphs that
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produces an undirected graphfrom a digraphG (See Defini- equilibriumz* of (8) is a right eigenvector of associated with

tion 2). A = 0. Since the eigenspace associated with the zero eigenvalue
The key in the stability analysis of system (8) is in the spet§ One-dimensional, there exists anc R such thatr™ = a1,
tral properties of graph Laplacian. The following result is well-€. ; = o for all 4. O

known for undirected graphs (e.g. see [38]). Here, we state thd<€ep in mind that Corollary 1 does not guarantee whether the

result for digraphs and prove it using Ggorin disk theorem group decision value: is equal to Avéz(0)), or not. In other
[32]. words, Corollary 1 does not necessarily address the average-

consensus problem.

We need to provide a limit theorem for exponential matrices
of the formexp(—Lt). Considering that the solution of (8) with
fixed topology is given by

x(t) = exp(—Lt)z(0), (20)

! ‘ ~ Re by explicit calculation ofexp(—Lt), one can obtain the group
decision value for a general digraph. The following theorem
S is closely related to a famous limit theorem in the theory of
nonnegative matrices known as tRerron-Frobenius Theorem
Spec(—L) Spec(L) [32]. We will use this theorem for characterization of the class

of digraphs that solve average-consensus problems using proto-
Fig. 1. A demonstration of Gggorin Theorem applied to graph Laplacian. ¢q] (Al).

o _ Notation. Following the notation in [32], we denote the set of
Theorem 2. (spectral Igcal|zat|on) Letd = (V,.é,A) beadi- ,, ., real matrices byM, .. and the set of square x n ma-
graph with the Laplacian’. Denote the maximum node Outyjces by 7, . Furthermore, throughout this paper, the right and

degree of the digrapty by dnqq (&) = max; deg,,, (vi). Then, et eigenvectors of the Laplaciahassociated with, = 0 are
all the eigenvalues of. = L(G) are located in the following genoted byw, andw;, respectively.

disk
Theorem 3. AssumeG is a strongly connected digraph with
D(G) ={z € C: |z = dnae(G)| < dinaa(G)} (18) Laplacian L satisfyingLw, = 0, w] L = 0, andw] w, = 1.

The
centered at = d,,..(G) + 05 in the complex plane (see Fig-

ure 1), R= tl@gloo exp(—Lt) = w,w] € M, (21)
Proof: Based on the G&gorin disk theorem, all the eigen-

values ofL = [I;;] are located in the union of the following Proof: Let A = —L and letJ be the Jordan form as-

disks sociated with4, i.e. A = SJS~!. We haveexp(At) =
D;={z€C:|z—1;| < Z |Lijl} (19) Sexp(Jt)S~! and ast — +oo, exp(Jt) converges to a ma-

JET j#i trix Q = [¢;;] with a single nonzero elemegt; = 1. The fact
; _ that other blocks in the diagonal etp(Jt) vanish is due to the

But for the digraph=, [;; = A;; and :
grap property that Re\;(A4)) < 0 for all £ > 2 where);(A) is the
Z 1] = deg,; (vi) = Ay kth largest eigenvalue o in terms of magnitudé\;|. Notice

that R = SQS~!. SinceAS = S.J the first column ofS is
w,. Similarly, S~ A = JS~! that means the first row of !
Thus,D; = {z € C: |z — Ay| < Ay} On the other hand, all is «w]. Due to the fact thaf—'S = I, w; satisfies the property
thesen disks are contained in the largest diSkG) with radius ! w, = 1 as stated in the question. A straightforward calcula-
dmaz(G). Clearly, all the eigenvalues ef L are located in the tion shows thaf? = w,w} € M,,. O
disk D'(G) = {2 € C : |2 + dias (G)] < dimas(G)} that is the
mirror image ofD(G) with respect to the imaginary axis. [ VI. A COUNTEREXAMPLE FORAVERAGE-CONSENSUS
Here is an immediate corollary and the first convergencea sufficient condition for the decision value of each node
proof for protocol (A1) for a directed network with fixed topol-in the proof of Corollary 1 to be equal to Age(0)) is that
ogyG. S u; = 0. If G is undirected (i.e.a;; = aj; > 0,i,5 :
Corollary 1. Consider a network of integrators = u; where @i; 7 0), automatically the conditio";_, u; = 0,z holds
each node applies protochl). Assumes is a strongly con- and Avgz(t)) is an invariant quantity [29]. However, this prop-

nected digraph. Then, protoc¢Al) globally asymptotically €rty does nothold for a general digraph.
solves a consensus problem. A simple counterexample is a digraph of oraes= 3 with

JETL,j#i

Proof: SinceG is strongly connected, rafik) = n — 1 V = {v1, 02,03}, € = {e12, €23, €31, €13}
andL has a simple eigenvalue at zero. Based on Theorem 2, the
rest of the eigenvalues ef L have negative real-parts and thereas shown in Figure 2. Assume the graph has 0-1 weights. Notice
fore the linear system in (8) is stable. On the other hand, athatG is a strongly connected digraph. Giveh= (V, ), we
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1 1
Q
\ 2 4 6 8 10
6 2
2 3
Fig. 2. Aconnected digraph of ordéthat does not solve the average-consensus S 3 1 3 5 7 9
problem using Protocol (Al).

4
3 . . () (b)
have) ; , u; = x3 — 1. Thus, if nodesy; andv; disagree, 1

the propertny:1 u; = 0 does not hold for alk.. On the other 2 4 6 8 10
hand, the reader can verify that for this example
3
2 -1 -1
L= 0 1 -1 1.
1 3 5 7 9
4
(©)

-1 0 1

2
Using Theorem 3, one obtains the limit = [z1(0) + z2(0) + (d)
2x3(0)]/4 for i = 1,2, 3. This group decision value is different Fig. 3. Four examples of balanced graphs.
from Ave(z(0)) if and only if z1 (0) + x2(0) # 223(0). As are-
sult, for all initial conditions satisfying; (0) +xz2(0) # 2z3(0), 1
Protocol (A1) does not solve the average-consensus problem, Proof: From Theorem 3, withw, = 71 we obtain
but all nodes asymptotically reach a consensus. This moti- "

vates us taharacterize the class of all digraphs that solve the I B B T v 1, 7

average-consensus problem = Hlﬂox(t) = Rao = wr (W 20) = ﬁ(wl o)1.

VII. NETWORKS WITHFIXED TOPOLOGY AND BALANCED  This implies Protocol 1 globally exponentially solves a consen-

GRAPHS sus problem with the decision Valu\%(wZT%) for each node.

The following class of digraphs turns out to be instrumentéfl'fhiS_OlefiiSion valule is equal to A(/ﬁo),vflo € R”, then nec-

in solving average-consensus problems for networks with bcﬁﬁsafllyﬁwz = /e w = w = ﬁl- This implies

fixed and switching topologies: that 1 is the left eigenvector of.. To prove the converse, as-

sume thattTL = 0. Let us takew, = —=1, w; = 31 with

Definition 1. (balanced graphs) We say the nagef a digraph . vn )
G = (V,€, A) is balancedif and only if its in-degree and out- # € R, 3 # 0. From conditionw; w, = 1, we gets = - and

degree are equal, i.eleg,,,,(v;) = deg,, (v;). AgraphG = w; = ﬁl. This means that the decision value for every node is
(V, €&, A) is calledbalancedif and only if all of its nodes are —=(w]'wo) = £1Txo = Ave(xo). O
balanced, or :

. The following result provides the group decision value for
Z Qg5 = Z jis Vi (22) arbitrary digraphs including the ones that are unbalanced.
J J

Corollary 2. Assume all the conditions in Theorem 5 hold. Sup-

. . . poseL has a nonnegative left eigenvectpr= (v1,...,v,)7
Any undirected graph is balanceBurthermore, the d'graphs?ts_sociated withh — 0 that satisfiesy™, v, > 0. Then, after

shown in Figure 3 are all balanced. Here is our first main resu : ‘i .
réaching a consensus, the group decision value is

Theorem 4. Consider a network of integrators with a fixed
topologyG = (V, &, A) that is a strongly connected digraph. o= 2. “Wi(o), (23)
Then, protoco(A1) globally asymptotically solves the average- >0

consensus problem if and onlyGfis balanced. i.e. the decision value belongs to the convex hull of the initial

Proof: The proof follows from Theorems 5 and 6, belowvalues.

- Proof: Due toy”L = 0, we gety’v = 0 (because, =
Remark6. According to Theorem 4, if a graph is not bal-_1,;) Hence,3 = 47 is an invariant quantity. Suppose the
anced, then protocol (A1) does not (globally) solve the averagfgraphG is not balanced. Then, an agreement is asymptotically
consistent with the counterexample given in Figure 2. consensus. We have z* = v72(0) because of the invariance

Theorem 5. Consider a network of integrator agents with &f 7" z(t). Butz* = a1, thus we obtain
fixed topologyG = (V, &, .A) that is a strongly connected di-

graph. Then, protocofAl) globally asymptotically solves the Z v | o =~Tz(0)
average-consensus problem if and onlyL = 0. -
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and the result follows. O one concludes thatT L = 0 iff all the nodes of7 are balanced,
The following result shows that if one of the agents uses a rek. G is balanced.

atively small update rate (or step-size), then the group decisiorProof ofii) <= iii): Sinceu = —Lz, (3, u; = 0,Vz) &

value will be relatively close ta;. In other words, the agent-  (1Tu = —(1TL)x = 0,Vx) <= 1TL =0. O

plays the role of a leader inlaader-follower architecture Notice that in Theorem 6, grapfi does not need to be con-

Corollary 3. (multi-rate integrators) Consider a network ofnected.

multi-rate integrators with the node dynamics VIIl. PERFORMANCE OFPROTOCOLS ANDMIRROR

Vit = u;, v >0,VieZ (24) GRAPHS

) In this section, we discuss performance issues of Proto-
Assume the network has a fixed topolagy= (V. &, A) and ¢, (A1) with balanced graphs. An important consequence of

each node applies Protochl). Then, an agreement is glob-rpeqrem 6 s thator networks with balanced information flow,
ally asymptotically reached and the group decision value wil| _ Ave(z) is an invariant quantity This is certainly not true

be S s (0) for an arbitrary digraph. The invariance of Awg allows de-
a= 1217; (25) composition ofz according to the following equation:
r=al+9 (26)

Proof: The dynamics of the network evolves according to
wherea = Ave(z) andd € R™ satisfiesy . 6; = 0. We refer to
Di = —Lx 0 as the (groupylisagreement vectorThe vectors is orthogo-
nal to1 and belongs to afn — 1)-dimensional subspace called
the disagreement eigenspaoé L provided thatG is strongly
connected. Moreovep, evolves according to the (group)s-
7= Lo agreement dynamiggven by

whereD = diag(v) is a diagonal matrix with théth diagonal
elementy; > 0. The last equation can be rewritten as

whereL = D' = diag(1/71,...,1/7,)L. Note thatL is a 6= —Lé. (27)
valid Laplacian matrix for a digrapt with the adjacency ma-

trix A = D~LA. To obtainG from G, one needs to divide the Define theLaplacian disagreement functiaf a digraphG as
weights of the edges leaving nodgby ;. Clearly, is a vector
with positive elements that is the left eigenvectof.aind based

on Corollary 2 the decision value is in the weighted average of _ . . . .
2:(0)'s with the weights that are specified by with L = £(G). The Laplacian disagreement for digraphs is

not necessarily nonnegative. An example of a digraph with a

Remark?. The discrete-time model and attitude alignment pro-ypacian disagreement that is sign-indefinite is given in equa-
tocol discussed in Jadbabaieal. [28] correspond to the first- 4 (16).

order Euler approximation of equation (24) with protocol (A1) | the following, we show that for any balanced digra@h

and the special choice of = deg,,,(v;) + 1 in Corollary 3. there exists an undirected graghwith a Laplacian disagree-

In [1], a Laplacian matrix is defined ds— D" A whichinthe ment function that is identical to the Laplacian disagreement of
context of this paper is equivalent to a multi-rate network of i~ This proves that the Laplacian of balanced graphs is positive-

tegrators withy; = deg,,(vi) > 0. The singularity ofD that = semjgefinite. Here is the definition of this induced undirected
is caused by the choice of = deg,,,(v;) is avoided in [28] by graph:

properly adding a positive constantdeg,,,,; (v;).

Og(z) =27 La (28)

Definition 2. (mirror graph/operation) Letz = (V, &, A) be
weighted digraph. Lef be the set ofeverse edgesf G ob-
Vained by reversing the order of nodes of all the pair§.iThe
mirror of G denoted by = M(G) is an undirected graph in
i) w; = 1is the left eigenvector of the Laplacian 6fasso- the form & - (Vv&f‘) with the same SEt_ of ngdes 65 the .
ciates with the zero eigenvalue, iE'L = 0. set of edges’ = £ U £, and the symmetric adjacency matrix

i) S0 =0,V € R withu; =33, Ly ajle; —z:). AT [ai;] with elements
Proof: We showi) < ii) andii) < iii). s — G — aij + aji -0 29)
Proof of i) <= ii): We haveA,;; = deg,,,(v;) and ij ji 5 >

deg;,, (vi) = >, ;; aji, thus theith column sum of_ is equal
to zero, or

Theorem 6. LetG = (V, &, A) be a digraph with an adjacency
matrix A = [a;;]. Then, all the following statements are equi
alent:

i) G is balanced,

The following result shows that the operationstond.Sym
Z lji = Z Lii + liy = — deg;,, (v;) + deg,,, (vi) = 0, on a weighted adjacency mattikcommute.
’ i Theorem 7. Let G be a digraph with adjacency matrid =
if and only if nodev; of G is balanced. Noting that thecolumn  adj(G) and Laplacianl = £(G). ThenL, = Sym(L) = (L+
sum of L is the same as thigh element of the row vecta™L, LT)/2is a valid Laplacian matrix folG = M(G) if and only if
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G is balanced, or equivalently the following diagram commutége. the mirror ofG) is based on Theorem 7. In addition, the

if and only if G is balanced inequality
G, 4 £ §TLE > Ma(G)0)%, Wo:1T6=0 (34)
Ml Sy’"i Syml (30) follows from equation (17). O
a A i A well-known observation regarding the Fiedler eigenvalue of
adj c an undirected graph is that for dense graphis relatively large

and for sparse graphs is relatively small [31]. This is why,

G5 called thealgebraic connectivitpf the graph. According to

this observation, from Theorem 8, one can conclude that a net-
Proof: We know thatG is balanced ifft TL, = 0. Since work with dense interconnections solves an agreement problem

L1 =0, we havel™L = 0 <= %(L+LT)1 = 0. Thus, fasterthan a connected but sparse network. As a special case,

G is balanced iffL, has a right eigenvector dfassociated with a cycle of lengthn that creates a balanced digraph-onodes

A =0, i.e. L, is a valid Laplacian matrix. Now, we prove thatsolves an agreement problem. However, this is a relatively slow

L, = L£(@G). For doing so, let us calculatk element-wise, we way to solve such a consensus problem.

get

Moreover, ifG is balanced, the Laplacian disagreement fun
tions of G and G are equal.

IX. NETWORKS WITHSWITCHING TOPOLOGY

Ay = Zj w = %(degout(vi) + deg;, (vi)) Consider a network of mobile agents that communicate with
= deg,,;(vi) = Ay each other and need to agree upon a certain objective of interest
or perform synchronization. Since, the nodes of the network
Thus,A = A. On the other hand, we have are moving, it is not hard to imagine that some of the existing

- communication links can fail simply due to the existence of an

L, = l(L + LT) N A+ A —A_A=1] = E(G‘) obstacle between two agents. The opposite situation can arise

2 2 where new links between nearby agents are created because the
agents come to an effective range of detection with respect to
each other. In terms of the network topolo@ythis means that
certain number of edges are added or removed from the graph.
Notation. For simplicity of notation, in the context of algebraidHere, we are interested to investigate that in caseraftevork
graph theory\;(G) is used to denotg; (L(G)). with switching topologywhether it is still possible to reach a

Now, we are ready to present our main result on the pecrc_)nsengus, or no_t. . .
f ' f . ) Consider aybrid systenwith a continuous-state € R™ and
ormance of protocol (Al) in terms of the worst-case speed of L : .
reaching an agreement. a discrete-staté& that b_elong_s to a finite collectlon_ of digraphs
I, = {G} such that7 is a digraph of orden that isstrongly

Theorem 8. (performance of agreement) Consider a network @bnnectecandbalanced This set can be analytically expressed
integrators with a fixed topolog§# that is a strongly connected as
digraph. Given protoco{Al), the following statements hold:
i) the group disagreement (vectaf) as the solution of the dis- T',, = {G' = (V, &, A) : rank £(G)) =n — 1,1TL(G) = 0}.
agreement dynamics i27), globally asymptotically vanishes
with a speed equal ta = \,(&), or the Fiedler eigenvalue of Given protocol (A1), the continuous-state of the system evolves
the mirror graph induced by, i.e. according to the following dynamics

The last part simply follows from the fact thatis equal to the
symmetric part o, andz” (L — LT)z = 0. O

16()]] < 116(0)| exp(—~t), (31) i(t) = —L(Gp)z(t), k=s(t),GreTn (35)
ii) the following smooth, positive definite, and proper funCtior\Nheres(t) : Rso — Ip, is aswitching signalandZy, ¢ N
1 is the index set associated with the elementB,of The sefl’,,
V(é) = 5\\5”2 (32) s finite because at most a graph of ordeis complete and has
n(n — 1) directed edges.
is a valid Lyapunov function for the disagreement dynamics.  The key in our analysis for reaching an average-consensus
Proof: We have in mobile networks with directed switching topology is a ba-
sic property of the disagreement function in (32). This dis-
agreement function does not depend on the network topology
G. Moreover, for allk € Zr, , the Laplacian of the digrapy,
is positive semi-definite becauég; is balanced. Thud/(9) is
This proves thaV/(9) is a valid Lyapunov function for the group non-increasing along the solutions of the switching system. This
disagreement dynamics. Moreové(t) vanishes globally ex- property of//(4) makes it an appropriate candidate @mmmon
ponentially fast with a speed af ast — +oco.. The fact that Lyapunov functioffior stability analysis of the switching system
L, = L is a valid Laplacian matrix of the undirected gragh (35).

1% —6TLs = —6T L6 = —6TLS

X (@)|6]]2 = —2KV(8) < 0,6 #0 (33)

IN I
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Theorem 9. For any arbitrary switching signak(-), the solu- whereX,(s) denotes the Laplace transformaf(¢) for all i €

tion of the switching systel{85) globally asymptotically con- Z. The last set of equations can be rewritten in a compact form
verges to Aver(0)) (i.e. average-consensus is reached). Mores

over, the following smooth, positive definite, and proper function X (s) = (s + L(s)) " x(0) (42)

1 where L(s) is the Laplacian matrix of a graph with adjacency
V(§) = 5\\5” (36) matrix . A(s) =_[aijh,~j(s)]. Any linear filtering effects of chan-
nele;; can be incorporated in the transfer functfon(s) of the
is a valid common Lyapunov function for the disagreement dink. The convergence analysis of protocol (A2) for a network
namics given by of integrator agents with communication time-delays reduces to
stability analysis for a MIMO transfer function

G(s) = (sI + L(s))*. (43)

Furthermore, the inequalityfo(¢)|| < [|5(0)| exp(—~*t) holds, To gain further insight in the relation between the graph Lapla-
i.e. the disagreement vectérvanishes exponentially fast withcian and the convergence properties of consensus protocol (A2),

5(t) = —L(Gr)d(t), k=s(t),G) €T, (37)

the least rate of we focus on the simplest possible case where the time-delays in
. _ . all channels are equal to> 0 and the network topology is fixed
K" = min A2(L(G)))- (38)  and undirected. Immediately, it follows thgt, u; = 0 and thus
' a = Ave(z(t)) is an invariant quantity. In addition, we have
L(s)=e"°L

Proof: Due to the fact thaty, is balanced for alk and _ )
u = —L(Gy)z, we havelTu = —(1TL(Gy))x = 0. Thus, whereL = £(G). Here is our main result for average-consensus

a = Ave(z) is an invariant quantity. This allows the decompoi-n a network with communication time-delays and fixed topol-
sition of z in the formz = a1 + 6. Therefore, the disagreemenf9Y [29]:
switching system induced by (35) takes the form (37). Calculatheorem 10. Consider a network of integrator agents with
ing V, we get equal communication time-delay> 0 in all links. Assume the

A . network topologyG is fixed, undirected, and connected. Then,
= —6TL(GR)d = —0TL(GR)S6 < —Xa(L(GR))6]? protocol (A2) with 7;; = 7 globally asymptotically solves the
< —K*|5]2 = —2k*V(§) < 0,V5 # 0 average-consensus problem if and only if either of the following

(39) equivalent conditions are satisfied:
This guarantees th&i(J) is a valid common Lyapunov functioni) 7 € (0,7*) with 7* = 7/2\,, A\ = Apnaa(L).
for the disagreement switching system in equation (37). Mori&- The Nyquist plot of'(s) = e~7% /s has a zero encirclement
over, we have around—1/\, Vk > 1.
Moreover, forr = 7* the system has a globally asymptotically

V(6(t)) < V(6(0)) exp(—2r"t) = [|6()|| < [|6(0)] exp(—~"t) stable oscillatory solution with frequenay= J,,.

Proof: See the Appendix. O

14

and the disagreement vectéft) globally exponentially van-

ishes with a speed of* > 0 ast — +oo. The minimum in A, Trade-Off Between Performance and Robustness

38) always exists and is achieved becallsés a finite set. O .
(38) always exi ! eV abis n Based on part i) of Theorem 10, one concludes that the upper

X_ NETWORKS WITH COMMUN|CAT|ON TlME-DELAYS bound on the admiSSible Channel time'delay in the network iS

id K of ) i ) ith inversely proportional to\,,, i.e. the largest eigenvalue of the
Consider a network of continuous-time integrators wit Baplacian of the information flow.

fixed topologyG: = (V,€, A) in which the state of node; £y Geggorin theorem, we know that, < 2dy.es(G)
passes through a communication chamnnelwith time-delay where d,n..(G) is the maximum out-degree of the nodes of

7;; > 0 before getting to node;. The transfer function associ- .y - Therefore, a sufficient condition for convergence of proto-
ated with the edge;; can be expressed as col (A2) is

Y
s < —
hij(s) =™ "= Udpao (G)
in the Laplace domain. Given protocol (A2), the network d Jhis means that networks with nodes _that have re_lat|v_ely h|gh
namics can be written as out-degrees cannot tolerate relatively h|gh communlcanon time-
delays. On the other hand, ldt= kA with k£ > 0 be the adja-
(1) = Z aijlwj(t — 7iy) — 2t — 7). (40) cency matrix ofG. Denote the Laplacian (ﬂl by L and notice
that A\, (L) = kA,(L). Thus, for any arbitrary delay > 0,
there exists a sufficiently small > 0 such thatr < 7/(2k\,,).
After taking the Laplace transform of both sides of equatiofys a result, by scaling down the weights of a digraph, an ar-
(40), we get bitrary large time-delay- > 0 can be tolerated. The trade-
off is that the negotiation speed, &, degrades by a factor of
sXi(s) — z;(0) = Z aijhij(s)(X;(s) — Xi(s))  (41) 1/k>0.Inotherwords, there istaade-off between robustness
JEN, of a protocol to time-delays and its performance.

(44)

v; EN;
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Fig. 4. Four examples of balanced and strongly connected dlgraprﬁgl(e@)) (a) (b)
Gy, (€) G, and (d)Gg4.

node values

time (sec)

200

100

disagreement

Fig. 5. (a) A finite automaton with four states representing the discrete-states of
a network with switching topology and (b) trajectory of the node values and the

: . di tf twork with a switching information flow.
B. Trade-Off Between High Performance and Low Communicgs P cisadreementior anetwork with a switching information fow

tion Cost

For undirected graphs with 0-1 weights, a graph with a réepology shown in Figure 3(d). Figure 7 shows the state tra-
atively high communication cost is expected to have a rela-jectories of this network with communication time-detayor
tively high algebraic connectivity, (e.g. a complete graph).” = 0,0.57maz,0.7Timaz, Tmae With Timae = 7/2Amae(Ge) =
In contrast, a graph with a relatively low communication cost (§269. Here, the initial state is a random set of numbers with
expected to have a relatively lo (e.g. a cycle). This implies Zero-mean. Clearly, the agreement is achieved for the cases
that there is anothdrade-off between performance and comWith 7 < 7,4, in Figures 7(a), (b), and (c). For the case with
munication cost. This second trade-off is between achievinga= Tmaz. Synchronous oscillations are illustrated in Figure
high performance and maintaining a low communication cost/(d). A second-order Pade approximation is used to model the
The existence of the aforementioned two trade-offs suggetfge-delay as a finite-order LTI system.
posing and addressingreetwork design problerthat attempts
to find an adjacency matrixl with a bounded communication
costC' that attempts to achieve a balanced interplay betweenWe provided the convergence analysis of a consensus proto-

XIl. CONCLUSIONS

performance and robustness (see Remark 2). col for a network of integrators with directed information flow
and fixed/switching topology. Our analysis relies on several
XI. SIMULATION RESULTS tools from algebraic graph theory, matrix theory, and control

Figure 4 shows four different networks each with= 10 theory. We established a connection between the performance

nodes. All digraphs in this figure have 0-1 weights. Moreaf a linear consensus protocol and the Fiedler eigenvalue of the
over, they are all strongly connected and balanced. In Figirror graph of a balanced digraph. This provides an exten-
ure 5(a), a finite automaton is shown with the set of stat&i¥n of the notion of algebraic connectivity of graphs to alge-
{Ga, Gy, G, G4} representing the discrete-states of a netwoR¢aic connectivity of balanced digraphs. A simple disagreement
with switching topology as a hybrid system. The hybrid systefdnction was introduced as a Lyapunov function for the group
starts at the discrete-statg, and switches every” = 1 second disagreement dynamics. This was later used to provide a com-
to the next state according to the state machine in Figure 5@Pn Lyapunov function that allowed convergence analysis of
The continuous-time state trajectories and the group disagr@B-agreement protocol for a network with switching topology.
ment (i.e. ||§]|2) of the network are shown in Figure 5(b)A commutative diagram was given that shows the operations of
Clearly, the group disagreement is monotonically decreasif@king Laplacian and symmetric part of a matrix commute for
One can observe that an average-consensus is reached asfipcency matrix of balanced graphs. Balanced graphs turned
totically. Moreover, the group disagreement vanishes expon@hit to be instrumental in solving average-consensus problems.
tially fast. For undirected networks with fixed topology, we gave suf-
For a random initial state satisfying Aug(0)) = 0, the state ficient and necessary conditions for reaching an average-
trajectories of the system and the disagreement fungighin ~ consensus in presence of communication time-delays. It was
time are shown in F|gure 6 for four d|graphs It is clear that ﬁ'lOWn that there is a trade-off between robustness to time- delayS
the number of the edges of the graph increases, algebraic cad the performance of a linear consensus protocol. Moreover, a

nectivity (or\2) increases, and the settling time of the state trg&cond trade-off exists between maintaining a low communica-
jectories decreases. tion cost and achieving a high performance in reaching a consen-

The case of a directed cycle of length, or G,, has the Sus. Extensive simulation results are provided that demonstrate

highest over-shoot. In all four cases, a consensus is asympttte effectiveness of our theoretical results and analytical tools.
cally reached and the performance is improved as a function of A
Ao(G) for k € {a, b, ¢, d}. CKNOWLEDGMENTS
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APPENDIX wi = Y, ennst Pii (T — i)
’ (49)
|. PROOFS Dy enin@er\gm) Gi(T5 = 2i) =0
This section contains the proofs of some of the theorems THe first summation is equal to zero because= z; for all
the paper. nodesv; € N; N J®) C J*). Hence, the second summation
must be zero. But;- = z; > z; for allv; € J® andv; €
A. Proof of Theorem 1 v\ J®) which implies all nodes iV; N (J*#+1D \ J*)) are in

Proof: To establish this result, we show that if a digraph cigreement withi*. This means that all nodes in the cluster
ordern is strongly connected, then the null space of its Lapla-

cian is a one-dimensional subspaceér6t Uy, e Ni 0 (JEFD N gy = gD o (D g(k))
Define¢;;(2) = a;;z for all e;; € £. Itis trivial that if z; = = JWF\ gk
zj for all e;; € &€, thenu = 0. Thus, we prove the converse: (50)

u = 0 implies that all nodes are in agreement. If the values 8f€ in agreement with the max-leader, i.e. all the nodes in
all nodes are equal, the result follows. Thus, assume there exikfs™") are in agreement. Combining this result with the fact
a nodev;-, called themax-leader such thatz;- > z; for all that Jm=1 =V, one concludes that all the nodesVrare in
J # 1%, i.e.t* = argmax;ez x; (if 4* is not unique, choose oneagreement. O
arbitrarily).

Define the initial clusted(®) = {v;- } and denote the indicesB- Proof of Theorem 10
of all thefirst-neighborsof v;- by J&) = N;.. Then,u;- = 0 Notice that despite the existence of a nonzero detay

implies that >, u; = 0. Thus,a = Ave(z) is an invariant quantity. Given
Z Giej(; — 32) =0 (45) t_ha_t the solutions of_(40)_gIobaIIy asymptotically converge toa
JEN limit z*, due to the invariance af, «} = Ave(z(0)),Vi € T

and the average-consensus will be reached. To establish the sta-
bility of (40), we use a frequency domain analysis. We have
X (s) = G, (s)x(0) where

Sincez; < z;- forall j € N;= andg;;(z) < 0forz < 0
(i.e. all weights are nonnegative), we ggt = z; for all the
first-neighborsy; € J™), (i.e. the max-leader and all of its firs-
neighbors are in agreement). Next, we definetiteneighbors G.(s) = (s8I, + e L)L (51)
of v;« and show that the max-leader is in agreement with all of
its kth-neighbors fok = 1,...,n — 1. The set ofth-neighbors Define Z,(s) = G;1(s) = (sI, + e "*L). We need to find
of v;+ is defined by the following recursive equation sufficient conditions such that all the zeros&f(s) are on the
_ - open LHP ors = 0. Letwy, be thekth normalized eigenvector of
JE = TV U N, k1,00 = {i7) (46) I associated with the eigenvalig in an increasing order. For
where N, denotes the set of neighbors of clusteriC V (see @ connected grap¥, 0 = Ay < Ay < ... < Ay = Apaa(L).
equation (1)). By definition{v;-} ¢ J®) C Zfork > 1and Clearly,s = 0inthe directionw, is a zero of the MIMO transfer

J¥ is a monotonically increasing sequence of clusters (in terfgiction Z-(s), becauseZ-(0)w; = Lw; = 0. Furthermore,

of inclusion). any eigenvector of - (s) is an eigenvector of. and vice verse.
Notice that in a strongly connected digraph, the maximuk®t (s, wx) with k > 1 be a right MIMO transmission zero of

length of the minimum path connecting any nage# v;- to - (s) at frequencys in the directionuwy, i.e. Z-(s)wy = 0.

nodev;. is n — 1. Thus,J(=1) = V. By induction, we prove Then,s # 0 satisfies the following equation

that all the nodes id(*) are in agreement for > 1. The state-

ment holds fork = 1 (i.e. the set of first-neighbors of the max- s+e A =0, (52)
leader). Assume all the nodes iH*) are in agreement with or

v;+, we show that all the nodes iff**+1) are in agreement with 1 e~ TS

v« as well. It is sufficient to show this for an arbitrary node )\7 + s 0, (53)

v; € JF with N; n (JEHD N\ JR)) £ ¢, This is because in
a strongly connected digraphj; # 0 for all v; € V. Thus, if
N; 0 (JEED N\ JE)) = ¢ for all v;, we getJF+D = ) and

where)\;, is thekth eigenvalue of. corresponding tav,. This
is due to the fact that

the statement holds. For nodg we have Z(s)wp = swy, + e T Lwg = (5 + e T A\g)wg = 0, (54)
Ui = Z ¢ij(xj —a;) = 0. (47) putw, # 0, thuss + e~7\, = 0. Equation (53) providea

v €N Nyquist criterion for convergence of protod@l2). If the net en-

BULN, = (N; N JMO)U (N; 0 (V\ J®)) andV \ J®) = circlement of the Nyquist plot df (s) = e~ "% /s around—1/ A,

Y\ JEHD G (kD JR)) Keeping in mind thay ®) C v for k > 1is zero, then all the zeros &, (s) (or.poles ofGT(s)))
for all k£ andJ*+1) contains the set of first-neighbors of nod@ther tha_ns =0 are stable. For the special case W_hér‘s .
vi. or N: C Jk+1) \we have symmetric, all the eigenvalues are real and the Nyquist stability
" ‘= ' criterion reduces to zero net encirclement of the Nyquist plot of
NN (Z\ J®Y) = N; 0 (JEFD N k) (48) T'(s) around—1/\, (note that\,, = Amaz(L)). This is because
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the plot of I'(jw) in the s-plane remains on the right hand side
of —7. Since 1]
e~dwT sin(wr) . cos(w)

F. = = —_
(jw) i " =

(55) 2]
and clearly RéI'(jw)) is a sinc function satisfying RE(jw)) >
—7. A conservative upper bound encan be obtained accord-
ing to the property R@'(jw)) > — of the Nyquist plot ofl*(s)
by setting—1/X,, > —7 which gives the convergence Conditiorh]
T < 1/A,. As a by-product, forr = 0, the protocol always
converges regardless of the value\gffor £ > 1.

A better upper bound on the time-delagan be calculated as 3]
follows. Let us find the smallest value of the time-detay- 0
such thatZ, (s) has a zero on the imaginary axis. To do so, s&f
s = jwin (52), we have

(3]

(71

. —juwr
Satonn 2o =9
multiplying both sides of the last two equations gives e
W2 A2+ jwdg (79T —eTIT) = 0, (57) 9]
> w? + A2 — 2wy sin(wr) = 0, (58) (ol
Assumingw > 0 (due tos # 0), from (58), we get [11]
(W — M) + 2w (1 — sin(wT)) = 0. (59 2

Since both terms in the left hand side of the last equation are pos-
itive semi-definite, the equality holds if and only if both term§3l
are zero, i.e.

w

sin(wT)

Ak7
= 1,
This impliestA, = 2ir + n/2 for i = 0,1,2,..., thus the [15]
smallestr > 0 satisfiesr A\, = /2. Therefore, we have

(60) [14]

T ™ [16]

T = min {r} =min — = — (61)
T)\k? — 7T/2 k>1 2)\k 2/\n [17]
k>1 [18]

Due to the continuous dependence of the roots of equation (

in 7 and the fact that all the zeros of this equation other than
s = 0for 7 = 0 are located on the open LHP, for alke (0, 7*),

the roots of (52) withk > 1 are on the open LHP and thereforézo]
the poles ofG., (s) (except fors = 0) are all stable. One can[21]
repeat a similar argument for the assumption that 0 and get

the equation

2 . [22]
(w4 Ap)” — 2wAg (1 +sin(wT)) =0, (62)
(23]
which leads tav = —\;, andr )\, = 27 + 7/2.
Forr = 7%, G,(s) has three poles on the imaginary axi?24]
given by

s=0,8==%j\, (63)

2
All other poles of G~ (s) are stable and in the steady-state the

values of each node takes the following form: 26]

() = ai+bismOat + o), i€ (64)

wherea;, b;, ¢; are constants that depend on the initial condﬂm
tions.
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Fig. 7. Consensus problem with communication time-delays on grapgiven
in Figure 3(d): (@)r = 0, (b) 7 = 0.5Tmaz,(C) T = 0.7Tmaz, and (d)r =
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